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a b s t r a c t
Some methods are considered for obtaining power series of products and powers of
elementary and special functions
© 2011 Elsevier Ltd. All rights reserved.
Expansion of functions in series with respect to special systems of functions is one of the principal tools of the theoretical
and applied mathematics. The set of power functions zn, where n = 0, 1, 2 . . ., is used most often. The corresponding
expansions for elementary and special functions are classical. Usually these are expansions of a single function. A few
expansions of products of two functions can be found in the literature (see [1–4]), for example those of Jµ(z)Jν(z), arcsin2 z,
arctan2 z, ln(z2 + 1) arctan z, ez2erf(z) and of some other functions. There are also several expansions of powers of
elementary functions, for example sinν z, cosν z, lnn(z + 1) [2]. In this note, we give some methods of derivation of power
expansion for products and powers of various elementary and special functions. Extensive table of such expansions can be
found in [5].


















 −k, 1− k− (bq), (cr)










is the generalized hypergeometric function, (ap) = a1, . . . , ap. Specializing the parameters and using tables of represen-
tations and values of hypergeometric functions [6, Ch. 7] we can obtain expansions for various combinations of special
functions.
1. Some examples










 − a2 k zk
Γ (k+ ν + 1) ,
Iν(z) is the modified Bessel function, Cνn (z) is the Gegenbauer polynomial.
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Hn(z) is the Hermite polynomial.
p = q = 1, r = 0, s = 1:
γ (µ, z)Jν(az) = (a/2)
νzµ+ν














, ν + 1;−a2
 (−1)kzk
k!(k+ µ),
γ (µ, z) is the complementary incomplete gamma function, Jν(z) is the Bessel function, µ, ν + 1 ≠ 0,−1,−2, . . ..














− k, λ+ 1; a
 (−1)kzk
k!(2k+ 1) ,
erf(z) is the error function, Lλn(z) is the Laguerre polynomial, λ ≠ −1,−2, . . ..
p = r = 2, q = s = 1:











  12 k z2k+1
k!(2k+ 1) [|z| < 1].
T2n(z) is the Chebyshev polynomial.
It can happen that some of the lower parameters of a hypergeometric function are negative integers or zero. In this case,
we can consider a little modified definition of hypergeometric function. Namely,
pF˜q

a1, a2, . . . , ap; z





(a1)k(a2)k . . . (ap)k
Γ (b1 + k)Γ (b2 + k) . . .Γ (bq + k)
zk
k!
is called regularized hypergeometric function; here bi can take any values. This definition allows us to extend the table of
power expansions. For example,







−k, 12 − k,−n, λ+ n+ 1; a2






Pn(z) and Cλn (z) are the Legendre and Gegenbauer polynomials, respectively.









−k,−k− 12 ,−k− 12 , 11
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(2k+ 1)!  32 k .
Si(z) and Hν(z) are the integral sine and Struve function, respectively.
Changing a → −a in the series (1), summing new expression and (1) we can obtain, after selecting the even part of the
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(cr), (cr)+ 12 ; az2















































(the direct Laplace transform, see, for example [6], 2.22.3.1), then applying direct and inverse Laplace transformswith respect















































































One can use the regularized hypergeometric functions, if necessary.
Another type of power expansions of special functions can be derived directly from the Taylor series

































a)zk [|z| < |a|].
The formulas [1, 1.5.1.1-2]




Hn(z) [n ≥ 1],




z) [n ≥ 1],
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give








k [|z| < |a|],
erf(
√










k [|z| < |a|],















zk [|z| < |a|],
(z + a)ν/2Jν(b
√













a)zk [|z| < |a|],
respectively.
The corresponding formulas for the generalized hypergeometric function have the form
(z + a)r pFq










(ap), r + 1; a
(bq), r − k+ 1

zk,
|z| < |a|; r ≠ 0, 1, 2, . . . ,
(z + a)r pFq

(ap); z + a
(bq)







(ap), r + 1; a
(bq), r − k+ 1

zk.
|z| < |a|; r ≠ −1,−2, . . . ; see [1, 1.30.1.2]. Substituting various values of parameters into the hypergeometric functions





















This assertion can be proved by comparing coefficients of zk in (4). It allows us to obtain explicit expressions for coefficients






























Some other similar summations can be found in [7].




































  12 2k z2k
(k!)2 [|z|, |az| < 1]






























+ k− n, 1
2
+ k− n, 1
 4F3










where |az|, |bz|, |cz|, |dz| < 1 and K(z) is the complete elliptic integral.
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